Hadronic matrix elements of proton decay are essential ingredients to bridge the grand unification theory to low energy observables like proton lifetime. In this paper we non-perturbatively calculate the matrix elements, relevant for the process of a nucleon decaying into a pseudoscalar meson and an anti-lepton through generic baryon number violating four-fermi operators. Lattice QCD with 2+1 flavor dynamical domain-wall fermions with the direct method, which is direct measurement of matrix element from three-point function without using chiral perturbation theory, are used for this study to have good control over the error due to lattice discretization effects, operator renormalization, and chiral extrapolation. The relevant form factors for possible transition process from an initial proton or neutron to a final pion or kaon induced by all types of three quark operators are obtained through three-point functions of (nucleon)-(three-quark operator)- (meson) with physical kinematics. In this study all the relevant systematic uncertainties of the form factors are taken into account for the first time, and the total error is found to be the range 30%-40% for π and 20%-40% for K final states.
I. INTRODUCTION
Proton decay is a smoking gun evidence of physics beyond the standard model and is a natural outcome of Grand Unified Theories (GUTs) [1, 2] . The process occurs through baryon number changing interactions mediated by the heavy new particles. Dominant modes are of X and Y gauge boson exchange for GUTs and of color-triplet Higgs multiplet for supersymmetric (SUSY) GUTs [3, 4] . Recent SuperKamiokande experiments report the bound on proton partial lifetime, for instance, τ > 8.2 × 10 33 year for the p → e + π 0 channel [5, 6] , which is typical for gauge boson exchange, or τ > 2.3 × 10 33 for p → K +ν [7] and τ > 1.6 × 10 33 for p → K 0μ+ [8] , both of which are favored for some SUSY GUTs. There have been many arguments of a constraint on proton lifetime from various types of GUT models so far (see a comprehensive review [9] and reference therein). In order to constrain the parameter space in GUT models with a reliable bound, a removal of all the theoretical uncertainties is highly desirable. One of the important elements, which can be made less uncertain from the current knowledge, is the hadronic contribution to proton decay matrix elements. Lattice QCD calculation can lead to reducing the uncertainties in the hadronic matrix element of a nucleon decaying into a pseudoscalar meson, and thus it can provide relevant information for the proton lifetime bound and help experimental plans for the future [10] .
The estimate of proton decay matrix elements in lattice QCD has been significantly improved by removing systematic errors, one by one, since the first attempts in 1980s [11] [12] [13] .
A decade ago JLQCD collaboration [14] performed an extensive calculation of proton decay matrix elements using Wilson fermion action and operator renormalization estimated by one-loop lattice perturbation in the quenched approximation with both the "direct" method, which is a direct measurement of matrix element from three-point functions, and the "indirect" method, which is an effective estimate through low-energy constants in tree-level chiral perturbation theory, calculated with two-point functions. Few years later JLQCD and CP-PACS joint collaboration carried out a continuum extrapolation of the low energy constants for the indirect method [15] to control the uncertainty of large discretization error. Using the direct method, RBC collaboration [16] performed the analysis with quenched domainwall fermions (DWFs) and non-perturbative renormalization, where thanks to almost exact chiral symmetry of the DWFs the discretization error of O(a) is essentially removed and the error of renormalization factor associated with the use of lattice perturbation theory was also eliminated. The RBC collaboration also performed the DWF calculation using the indirect method with quenched approximation as well as with unquenching u and d quarks [16] , and later the RBC and UKQCD collaborations extended the DWF calculation of the indirect method using three dynamical quarks (u, d and s) [17] . In this way, one of the uncontrolled systematic uncertainty coming from quenched approximation was removed.
A striking, but perhaps not surprising outcome of the comparison of the results from direct and indirect calculations, though performed only with quenched approximation so far, is that the indirect method could overestimate the matrix elements by a factor of about two [16] . To fully control the systematic uncertainties, therefore, one needs to perform the direct calculation with the N f = 2 + 1 dynamical simulations and a non-perturbative operator renormalization.
In this paper we provide the non-perturbative estimate of proton decay matrix elements using the direct method with the dynamical, N f = 2 + 1 (degenerate u, d and physical s quarks) flavor lattice QCD with DWFs. The DWF ensemble for N f = 2 + 1 at the lattice cutoff a −1 ∼ 1.7 GeV with 300-700 MeV pion masses [18] in RBC/UKQCD collaboration are used for this purpose, and thus this enables us to evaluate hadronic matrix elements including almost all systematic errors on the lattice. This paper is organized as follows. In section II we explain the definition and property of the matrix elements as well as their relation to the proton partial decay width. The method to extract the matrix elements from three-point function on the lattice is expressed in section III, and in section IV we present our setup and the detailed analysis to obtain the matrix elements and evaluate their systematic uncertainties. Section V is devoted to summary and outlook.
II. PROTON DECAY MATRIX ELEMENT

A. Effective Lagrangian and matrix element
Baryon number violating operators appearing in the leading low-energy effective Hamiltonian are constructed by possible combination of dimension-six (three quarks and one lepton)
operators to be SU(3) color singlets and SU L (2)× U Y (1) invariant. Following the notation of [19] [20] [21] , four-fermi operators are expressed as
with generic lepton field l, and quark field of left-handed part q and right-handed part U and D as up and down type. The indices a, b, c, d denote the generation number of fermion, i, j, k denote color SU(3) indices, and α, β, γ, δ are SU(2) indices. The inner product is defined as (x, y) R/L = x T CP R/L y which has charge conjugation matrix C and chiral projection P R/L . The baryon number violation (but preserving B −L number) in GUT models is generally expressed as low-energy effective Hamiltonian with the above six-dimension operators.
Leading term of effective Hamiltonian at low energies is represented as
where 
where the color singlet contraction is taken. Dirac spinor indices are omitted in the above equation. In the following we may use simple notations for the three-quark operators as O ΓΓ ′ . Γ and Γ ′ denote the chirality, either R or L and the bracket means the contractions among Dirac spinors.
We calculate the transition matrix elements of the dimension-six operators with an initial nucleon (proton or neutron, N = p, n) state and a final state containing a pseudoscalar meson (P = (π, K, η)) and an anti-lepton (l)
including three-dimensional momenta, p for final pseudoscalar, k for initial nucleon and q = p − k for final lepton which is determined from momentum conservation. Neglecting the electroweak interaction of the lepton, the amplitude l( q, s)|l c |0 =v c l ( q, s) of the lepton part can be captured in the wave function of on-shell lepton state at momentum q for spin s component. The matrix element P ( p)|O ΓΓ ′ |N( k, s) is parametrized by the relevant form factor W 0 (q 2 ) and irrelevant one W 1 (q 2 ) as
W 0 and W 1 are defined for each matrix element with the three-quark operator renormalized in MS NDR at scale µ, and are functions of square of four momentum transfer q = k − p.
Using on-shell condition, the total matrix element as shown in Eq. (7) is given bȳ
l is much smaller than nucleon mass squared in the case of l = e, ν, we set q 2 = 0 and ignore the second term in Eq. (9) . Taking only the relevant form factor will be a good approximation even for l = µ, as m µ /m N ∼ 10% is smaller than the total error of W 0 in this study.
Once the relevant form factor W 0 is obtained in lattice QCD, the partial decay width of the decay N → P +l is given by
with the perturbative estimate of Wilson coefficient C I in the GUT models [9] . Note that renormalization scale dependence of C I and W I 0 cancels out in their multiplication. The different chirality combinations of the matrix elements are related through the Parity transformation as 
A negative sign comes from the interpolation operator of proton or neutral pion by the exchange of u and d. Furthermore in the SU(2) isospin limit there is an additional relation between Eq. (13) and Eq. (14):
Therefore there are twelve principal matrix elements we calculate in this paper.
III. CALCULATION SCHEME FOR THE FORM FACTORS
To obtain the matrix element we make use of the ratio of three-point function of (proton)-
and two-point function of nucleon and meson. Such a ratio is represented as
with interpolating field for pseudoscalar J gs P and proton J gs p . These interpolating operators are made of quark fields smeared using the gauge-invariant Gaussian smearing [22] with the parameters optimized for meson and proton separately. In the periodic lattice the injected spatial momentum is p = 2π n/L σ , where n is integer vector 0 ≤ n i ≤ L σ − 1, and L σ is the spatial extension of the lattice. "tr" represents trace over spinor indices, and P is a spin projection matrix. The three-point function in numerator is constructed by quark propagator with the sequential source method at pseudoscalar sink location.
Z P,p indicates the amplitude of overlap of the interpolating field to on-shell state,
with the proton Dirac spinor normalized asū
In this study we always take the proton to be at rest. Note that the operator of nucleon interpolating field is not uniquely determined, and we make use of the two possible proton operators formed as
Numerical comparison between the above two types of nucleon interpolating operator will be shown in the next section.
In the simulation we take the sufficiently large separation between t 0 and t 1 in Eq. (21) so we have a range of t where the three and two point functions in the ratio are dominated by the ground states. Then the ratio leads to its asymptotic form,
where q 2 is the squared momentum transfer from the initial proton to the final pseudoscalar
We employ two different projection matrices P = P 4 or iP 4 γ j with P 4 = (1 + γ 4 )/2 to subtract the contribution from the parity partner of the proton and to disentangle W 0 and W 1 . By solving the linear equations,
the relevant form factor W 0 can be obtained.
IV. NUMERICAL CALCULATION OF THE PROTON DECAY FORM FACTORS A. Lattice setup
We use the gauge configurations generated for 2+1 flavor dynamical domain-wall fermions with Iwasaki gauge action by RBC and UKQCD collaborations [18] . The lattice volume is 24 3 × 64 and the size of the fifth dimension is L s = 16. The gauge coupling β = 2.13 corresponds to a −1 = 1.73(3) GeV. This is the same ensemble as the previous indirect method study [17] . Boundary condition is periodic for the gauge field, and spatially periodic and temporally anti-periodic for the fermion fields. We use four different unitary u, d quark masses for chiral extrapolation, and one unitary and one partially quenched strange-quark mass for the study of strange quark mass dependence for final K 0,+ kaon state. For later convenience let us introduce the quark massm which includes the additive renormalization due to the inexact chiral symmetry of the domain-wall fermions at a finite extent of the fifth dimension. We definem
as the multiplicatively renormalizable mass with m in the lattice action, where residual mass m res for the lattice used in this study has been calculated as m res = 0.003152(43) [18] . The form factors of the nucleon to pion matrix elements depend onm ud for the degenerate u and d quark mass and the squared momentum transfer q 2 . For the nucleon to kaon matrix elements, the strange quark massm s enters as an additional parameter.
In the computation of the two-point and three-point function on the lattice, we employ a gauge-invariant Gaussian smearing with the optimized parameter (n G , σ) = (40, 5.0) for baryon source/sink and (n G , σ) = (16, 3.0) for meson sink, where the APE-smeared gauge links with (N, c) = (12, 0.4) as defined in [23] . The time slices for the nucleon source t 0 and meson sink t 1 are set as (t 0 , t 1 ) = (5,37) or (27,59). The baryon number violating operator at time t moves between them (t 0 < t < t 1 ). We use first and second smallest but nonzero momentum p = (π/12, 0, 0), (π/12, π/12, 0) on the periodic lattice for the meson. The statistics used for each ensemble is summarized in Table I, non-perturbative renormalization [17] as
The first error is statistical one and the second is systematic one (systematic error of 8% is estimated in [17] as a truncation effect of the perturbative expansion).
In Figure 1 we show the effective mass of nucleon, pion and kaon two-point function which enter in the denominator of Eq.(21). The effective mass at time t is constructed with data at t and t + 1, and we can observe the plateau region whose starting point is t = 5
for the nucleon and t = 6 for the pseudoscalar. Therefore, the denominator of Eq. (21) is dominated by the ground states for t satisfying both t − t 0 ≥ 5 and t 1 − t ≤ 6. is shown in GeV unit using a −1 = 1.73(3) GeV [18] . Fitting range used for the mass estimate are 6 ≤ t ≤ 23 for pion and kaon or 5 ≤ t ≤ 13 for nucleon. 
with the values to reproduce the experimental hadron mass ratios, m π /m Ω and m K /m Ω , the pion and kaon mass over the mass of Ω − [18] .
We employ two different procedures for taking the above limit. One is the global fit with a function that depends on both quark mass and q 2 , and thus W 0 at physical point is straightforwardly obtained. The other is to sequentially take the two limits; first q 2 → 0 and then take the quark mass to the physical point. In this procedure W 0 at physical point is obtained by the second limit. In the next section we will show numerical results with these procedures.
C. Extrapolation to physical kinematics with global fitting
In the global fitting to obtain the form factor in the physical kinematics we use the ansatz of linear function,
with free parameters A i and B i . for the kaon final state. This procedure is the same as that employed in the previous study [16] .
We use four different quark masses, two different strange quark masses and the two lowest non-zero spacial momenta, and therefore the total number of data points is eight for π and 
D. Extrapolation to physical kinematics with sequential fitting
In this procedure we first take the linear extrapolation or interpolation to q 2 = 0 with two spatial momentum points in each massm and then take a chiral extrapolation to physical quark mass. Figure 6 and 7 plot the results at q 2 = 0 point as a function ofm ud after taking the q 2 = 0 limit. In the chiral extrapolation of the fitted data at q 2 = 0 we adopt the linear function as for the pion, η final state or kaon final state respectively. Here a i and b i are the free fitting parameters. From Figure 6 and 7 we observe that the linear function describes the lattice results quite well for each matrix elements with four different mass points, except that the data for pion and eta in Fig. 6 seems to be less consistent with the linear ansatz. The difference of the four point fit and the three point fit will be used in the estimate of the systematic error discussed later. The results are shown in Table II (see the column marked as "Sequential").
E. Systematic errors
The systematic errors due to using the extrapolation (or interpolation) into physical kinematics (q 2 = 0 limit), contribution of finite volume and non-zero lattice spacing will be discussed in this section. This work uses the lattice scale estimated in Ref. [18] and the renormalization constant shown in Eq. (29) 
which are also used in Table II . The variations of results removing the largestm ud from the global fit, removing the smallestm ud from the global fit and the result in sequential fit from the main result provide the systematic errors coming from uncertainty of the fitting function for the extrapolation to the physical kinematics and finite size effect (FSE).
The uncertainty in the extrapolation due to higher order effect than linearity in quark mass (and also q four quark masses. For the matrix element of p → K, these are the results after taking the physical strange quark mass. The cross symbol is the result at physical light and strange mass with four fitting points and star symbol is with three fitting points using the range of r light defined in the text. We discuss the systematic uncertainties by using the discrepancy between different fitting points (for example four fitting points and three fitting points) in Section IV E. heavy mass m = 0.03 which is close to physical strange quark mass, we estimate the O(m 2 ) effect. Furthermore since sequential fitting procedure, explained in the previous subsection, takes into account the mass-dependence of q 2 slope, we estimate the systematic error of the extrapolation to the physical kinematics as a part of the higher order effect, e.g. O(mq 2 )
terms, beyond them and q 2 linear approximation by comparing with results in the global fit.
On the other hand the difference between results in r full and r heavy is expected to probe at least a part of FSE since the lightest point is affected most from the FSE rather than O(m 2 )
effect. Such estimate of FSE has been known in the calculation of the nucleon axial charge g A [24, 25] in which significant FSE was observed in the lightest quark mass in the same gauge ensemble. (This is also suggestive from the fact that the relevant form factor W 0 for a pion final state is proportional to (1 + g A ) in the leading order of baryon chiral perturbation theory, see Ref. [16] ). Therefore neglecting data at the lightest mass m = 0.005 from the fitting region might include less contamination of FSE (see also Fig. 10 of Ref. [25] ).
The systematic error including both higher order effect
FSE is evaluated by adding in quadrature the difference between the global and sequential fitting results in the range of r full and the maximum difference between global fitting results in the range of (r full , r light ) and (r full , r heavy ), even though this procedure may be too conservative. The magnitude is shown in the column denoted as "Extrapolation" in Table   III .
The discretization error of O(a) may arise from the inexact chiral symmetry due to finite L s . However, as the size of the chiral symmetry breaking is small after the additive mass shift (Eq. 28) is performed: m res a ≃ 3 × 10 −3 , this effect can be safely neglected. Here the dominant discretization error at O(a 2 ) has been estimated using the scaling study of hadronic observable performed with this and finer lattice ensembles [18] . The observed discrepancy in the spectroscopy of light meson (Fig. 26 in Ref. [18] ) with the two lattice spacings is up to 1-2 %, which amounts to about 5% discretization error of the form factor W 0 assuming the O(a 2 ) scaling. We take this 5% as the O(a 2 ) error, which is more conservative than a naive power counting (aΛ QCD ) 2 ∼ 0.02 with Λ QCD = 250 MeV.
We also take into account the error coming from uncertainty of lattice spacing which is given in error of a −1 = 1.73(3) GeV and the error of the renormalization constant which is given in Eq.(29) or (30).
We ignore the partially quenched effect of strange quark, which is due to the small mismatch of the sea and valence strange masses, for the matrix element of K + , K 0 meson final state. Since the valence strange quark mass dependence of W 0 is negligibly small as shown in Fig.6 and Fig.7 , this effect is also negligible. Note that we also do not consider the effect of disconnected diagrams in the matrix elements of the η in the final state, but four columns. These four errors are added in quadrature to give the total systematic error shown in the second parenthesis for each value of the form factor. instead of the previous results [16, 17] , because each approximation previously has the systematic uncertainties which were not even estimated. The relevant form factors W 0 (q 2 = 0) of the twelve principal matrix elements Eqs. (13), (15)- (19), from which one can calculate those for all the nucleon to pseudoscalar meson process, has been evaluated and summarized in Table III with their error estimates.
Although we have established an estimate of the proton decay matrix element with all the errors, the total errors are fairly large (30%-40% for π final state and 20%-40% for the K final state). One of the major uncertainty is the statistical error, especially for p → e + π 0 decay mode, and that could have influenced the size of the error of combined chiral extrapolation and finite volume effect. A significant improvement of the current results is expected by adopting the newly developed technique for reduction of the statistical error [26] , which will be addressed in future work. We want to emphasize, though, for now in any serious phenomenological application one should use the results in this study with the stated total errors.
